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Abstract
The IIB matrix model, which is conjectured to be a non-perturbative definition of the
type IIB superstring theory, is studied using a numerical method. The large N scaling
behavior of the model is shown performing a Monte Carlo simulation. The leading order
of the Wilson loop operator is measured in the weak coupling region and the string tension






Recently, several models have been proposed as a non-perturbative formulation of string the-
ory [5, 3]. The IIB matrix model [3], which is zero-volume limit of ten-dimensional large N
supersymmetric Yang-Mills theory, has been proposed as a constructive denition of the type
IIB superstring theory. It is dened by the following action,
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; (1)
where A and  are N N traceless Hermitian matrices. The interesting feature of this model
is that the space-time coordinates are considered as the eigenvalues of these matrices. Then,
we hope that the fundamental issues including the dimensionality and the quantum gravity can
be understood by the studying the dynamics of the model.
For the studying the dynamical aspects of the model, we perform a Monte Carlo simulation.
In Ref. [6], the bosonic model, which contains the bosonic part of the IIB matrix model, has
been studied with a numerical method. Furthermore, in Ref. [7], the scaling relation of the
four-dimensional supersymmetric model has been studied. For the simplicity, we also study the
bosonic model in ten dimensions. In Ref. [10], the value of the partition function of the bosonic
model is well-dened for the large N and D  3 without any regularization. Optimistically,
we expect that the partition function contains fermion matrices ( ) with some perturbations
or we can use the idea using in Ref. [7]. Furthermore, the eective action, which is obtained
from the 1-loop calculation, has been studied, which proposes the origin of the space-time
dimensionality [8]. We thus can investigate the large N behavior of the IIB matrix model with
the bosonic model.
To take the continuum limit (N ! 1) for the reduced model, a sensible double scaling
limit should be determined dynamically. For the IIB matrix model, the scaling property of the
model has been studied with the light-cone string eld Hamiltonian of the type IIB superstring
theory [4]. The scaling property of the two important quantities of the model, the string scale
(0) and the string coupling constant (gstr), is determined as follows,
0  g2Nγ  Constant: (2)
In the IIB matrix model, the exponent (γ) plays an important role for the large N limit and
are determined dynamically. We evaluate the scaling behavior of the string scale (0) with a
numerical method.
In analogy with the two-dimensional model, the Eguchi-Kawai model, we study the scaling
property from the Wilson loop operator. It is found in Ref. [11] that the U(1)D symmetry
is spontaneously broken in the weak coupling limit D > 2. Then, the eigenvalues collapse to
a point. Since the bosonic model is actually equivalent to the D > 2 Eguchi-Kawai model
in the weak coupling limit, we also observe the U(1)D spontaneously symmetry breaking. It
means that we treat the eigenvalue of the operator in the weak coupling region. We show the
correspondence of the perturbative calculation with the numerical one. We thus clarify the
scaling property of the extent of the space-time of the bosonic model in Ref. [6]. Furthermore,
we calculate the eigenvalues of the Wilson loop operator and estimate the scaling property
of the double scaling limit. Our calculation is related to the double scaling limit of the ten-
dimensional Eguchi-Kawai model in the contrast to the two-dimensional model [9] and the
supersymmetric four-dimensional model [7] studied as a toy model of the IIB matrix model.
In this paper, we study the large N behavior of the bosonic model of the IIB matrix model.
We perform a Monte Carlo simulation of the model and clarify the correspondence of the scaling
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behavior derived perturbatively and numerically. Then, we estimate the large N behavior of
the string scale (0) dynamically with the model.
This paper is organized as follows. In section 2, we review the model and some perturbative
calculations. In section 3, we show the numerical results and the scaling property of the model.
Then, we present the data which show the existence of the double scaling limit in the model.
Finally, in section 4, we summarize and discuss our numerical results.
2 Large N behavior of correlation functions
First, we consider the perturbative arguments of the bosonic model. In Ref. [6], the detail of
the calculation has been explained. We briefly show the large N behavior of the correlation
functions of the gauge elds. We evaluate the correlation functions of gauge eld (A) through
Schwinger-Dyson equation by the perturbative methods.
We consider the bosonic model of the IIB matrix model.
Sbosonic = − 1
g2
tr[A; A ][A
; A ]; (3)
where A is N N Hermitian matrices and denote the ten-dimensional gauge elds, and g is a
coupling constant. The coupling constant (g) is nothing but a scale parameter like the lattice










where ta are the generators of SU(N).













It leads to the relation of the correlation function,
− < tr([A; A ]2) >= D(N2 − 1)g2: (6)
For the estimation of the large N behavior of the correlation function, < tr([A; A ]
2) >, we
decompose the matrices (A) into the diagonal parts (X
i








< tr[A; A ]
2 >’ 2< tr[X; ~A ][X; ~A ] > − < tr[X; ~A ][X ; ~A] >: (7)
We use the Feynman rules of the IIB matrix model [8]. We thus estimate the large N behavior
of the leading term of the correlation function,
< tr[A; A ]
2 > g2N2: (8)
From the discussion of the next order contribution [6], we also obtain an upper bound about
the typical scale of the extend of the space-time, R2 =< trA2 >,
R2  gN1=2: (9)
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We thus calculate the correlation functions with the perturbative methods. In analogy with
the large N gauge theory [1], we consider that the perturbative calculation corresponds to the
loop expansion. Then, in the large N limit (N ! 1), we expect that the leading term of the
perturbative results will be dominant as well as the planner diagram.
Next, we consider the Wilson loop operator in the IIB matrix model. The Wilson loop
operator and the large N behavior have been studied with the light-cone string eld theory of
the type IIB superstring [4]. The Wilson loop operator (w(C)) is dened as,
w(C) = tr(v(C)); (10)
where v(C) is dened as v(C) = U(C) = PC exp(i
∫
kA) in the bosonic model. The matrices
(U) are described as the unitary matrices,
U  exp(iA): (11)
In the ordinary lattice gauge eld theory, the expectation value of the Wilson loop operator
which spreads a large area behaves as follows,
w(I; J)  exp(−KI  J); (12)
where I and J are the length of the loop and K  l2 denotes the string tension. In the same
analogy, we consider that the Wilson loop operator of the bosonic model of the IIB matrix
model obeys the area low.
The scaling relation of the Eguchi-Kawai model is given as follows,
g2
p
N  Constant: (13)
We thus also nd the scaling relation of the IIB matrix model [4],
0  g2Nγ  Constant: (14)
The exponent (γ) should be determined dynamically from the model. For the large N limit,
the parameter (gNγ) must be xed in the IIB matrix model as well as the parameter (g2
p
N)
must be xed in the Eguchi-Kawai model.
Here, we note that the bosonic model is actually equivalent to the D > 2 Eguchi-Kawai
model in the weak coupling limit Then, the U(1)D symmetry is spontaneously broken and the
eigenvalues collapse to a point in the weak coupling region. Since the U(1)D symmetry rotates
all the eigenvalues by the same angle, the following expansion is valid in the weak coupling
region,
U  eiµeiAµ ; (15)
where  take values due to the U(1)
D symmetry and the eigenvalues of A are small. The
bosonic model action is given with expanding the action of the ten-dimensional Eguchi-Kawai
model in terms of A. It means that in the weak coupling region the higer order terms of A
can be neglected and that we can estimate the area low of the Wilson loop operator as follows,
w(I  J) =< tr(U(I  J) >’< tr(A(I  J) > exp(−K(I  J)): (16)
In Ref. [7], the large area behavior of the Wilson loop operator is measured up to leading term.
Then, it claried that the leading term of the Wilson loop operator obeys the area low in four
dimensions.
We expect that the Wilson loop operator obeys the area low in the bosonic model of the
IIB matrix model. We thus can estimate the scaling relation of the model with a Monte Carlo
simulation in order to search for the large N behavior.
3
3 Monte Carlo simulation and Large N behavior of the
bosonic model
The bosonic model of the IIB matrix model and a numerical recipe have been introduced in
Ref. [6].
















The action is quadratic with respect to each component, which means that we can up-
date each component by generating gaussian variables using the heat-bath and the Meropolice
algorithm.









2) > : (19)







2) > g2N: (20)
In Fig.1 and Fig.2, we show the numerical results of the extent of space-time and the correlation
function (< ftrg[A;A ]) for D = 10 with N = 16; 32; 48; 64; 128, respectively. We can obtain






2) > g2N0:9(3): (21)
The numerical results correspond to the perturbative calculation. It means that it the large N
limit the leading term is dominant in the bosonic model of the IIB matrix model as well as the
planer diagram in the Eguchi-Kawai model.




tr(A   A) > : (22)
where we take the loop (C) as the rectangular (I  J) in ten dimensions.
We show the measurement results of the loop operator in Fig.3. The loop spreads as
























Figure 2: The measurement results of the extent of the correlation function of (A).
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Figure 3: The large area behavior of the leading term of the Wilson loop operator w(I  J).
We consider that in the bosonic model it is dicult that the ten-dimensional space-time is
broken down to four-dimensional space-time spontaneously. It is consistent to the fact that the
spontaneously symmetry broken of the Lorentz invariance is not found [6].
Then, we nd the large N behavior by the Wilson loop operator. From the numerical results,
the leading term of the Wilson loop operator, < 1
N
tr(A   A) >, crosses to the exponential
curve with the large size area. It means that the leading term of the Wilson loop operator
obeys the area low eq.(16).
Then, we can obtain the string tension. In Fig.4, we plot the square root of the string
tension (K).
We nd the large N behavior of the string tension (K),
K  g−2N−1:07(1): (23)
It suggest that the large N behavior of the square root of the string tension is
K1=2  g−1N−0:54(1): (24)
We thus can estimate the large N behavior of the string scale (0).
0  1=K  g2N1:07(1) = Constant: (25)
The string eld theory of the light-cone frame suggests [4]
0  g2N = Constant: (26)
We consider that the numerical result closes to the analytic one and that the four-dimensional










Figure 4: The measurement results of the string tension a.
Furthermore the numerical result suggest that the large N behavior of the square root of the
string tension is correspond to the scaling property the inverse of the extent of the space-time.
K1=2  g−1N−0:54(1)  R−1: (27)
It means that the plank scale of the theory has the same scaling property of the extent of the
space time in ten-dimensions. It holds on two-dimensional model [9] and the four-dimensional
model [7].
4 Summary and Discussion
Let us summarize the main points made in the previous sections. For the scaling behavior of
the bosonic model of the IIB matrix model, we estimate with using the numerical methods,
0  g2N1:07(1) = Constant: (28)
We thus conrm that the bosonic model corresponds to the D > 2 Eguchi-Kawai model in the
weak coupling limit. It supports the previous numerical work [6] which determine the upper
bound for the extent of the space-time. Our results shows the ten-dimensional space-time
extends with g1=2N1=4 and the extent scale of the space-time corresponds to the the Planck
scale (l), l  K−1=2. In Ref. [7], the scaling behavior of the supersymmetric four-dimensional
model has been studied. From the numerical results, we consider that the ten-dimensional
bosonic model and the four-dimensional model have the same scaling property. Thus it means
that the Eguchi-Kawai correspondence between the reduced model and the ordinal lattice eld
theory is holded in both case, the ten-dimensional case and the four-dimensional case. Then,
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we consider that the planner diagram is dominant in the large N limit of the bosonic model of
the IIB matrix model. it means the fact that the leading term of the Wilson loop operator in
this article is dominant in the large N limit.
We also obtain that the numerical result closes to the analytical one [4]. Then, we expect
that the IIB matrix model will be non-perturbative denition of the type IIB super string
theory.
In this article, we calculate only the bosonic model of the IIB matrix model. For the future
work, we are also considering the numerical simulation of the full model including the fermionic
term. The supersymmetric four-dimensional model has been studied in Ref. [7]. Optimistically,
we expect that we can simplify the fermionic term with the perturbative calculation. In Ref.
[8], it is expected that the model with the 1-loop eective action of the IIB matrix model
produces the four-dimensional space-time from the ten-dimensional space-time. We thus make
preparations the calculation of the modied model including the fermionic term.
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